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Abstract.
A simple optical system is proposed to generate full-Poincare´ beams, i.e., beams
presenting all possible states of (total) polarization across their transverse section.
The method consists in focusing a uniformly polarized laser beam onto a uniaxial
crystal having its optic axis parallel to the propagation axis of the impinging beam.
A simple approximated model is used to obtain the analytical expression of the beam
polarization at the output of the crystal. The output beam is then proved to be a
full-Poincare´ beam. By changing the polarization state of the input field, full-Poincare´
beams are still obtained, but presenting different distributions of the polarization state
across the beam section. Experimental results are reported, showing an excellent
agreement with the theoretical predictions.
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1. Introduction
A subject that is presently receiving increasing attention is the generation of
nonuniformily totally polarized (NUTP) light fields, whose use has also been proposed
as a way to improve the performances of measurement techniques in different areas
of Optics, such as microscopy, polarimetry, optical trapping, quantum information
encoding, etc. [1–31].
A peculiar class of fields are the so called full-Poincare´ beams (FPBs), which have
been considered with particular attention in recent years [16, 17, 26, 30, 32–38]. The
beams in which we are interested are NUPT beams that present all possible states of
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totally polarized light across their transverse section. Different methods for generating
them have been proposed and implemented, including the use of thermally stressed
windows [32] and spatial light modulators (SLM) [35].
A simple method to obtain a FPB is proposed and demonstrated in this work. It
is based on the propagation of a totally polarized incident laser beam along a uniaxial
crystal having its optic axis parallel to the propagation direction of the incident beam,
and input and output faces perpendicular to it. If the beam impinging onto the
crystal is well approximated by a plane wave, of course, propagation does not change
its polarization state, and the latter remains uniform across the output face of the
crystal. But if the former presents a curvature, or if its transverse profile is not uniform,
the propagation of ordinary and extraordinary waves within the crystal have to be
considered, and the polarization state of the output beam in general depends on the
position across the exit plane of the crystal, i.e., a NUTP beam is generated.
Propagation of Gaussian beams through uniaxial crystals can be studied in paraxial
conditions, for example, by expanding the input beam in terms of plane waves and
evaluating the contribution to the total exit field of all the produced plane waves
(both ordinary and extraordinary) propagating through the crystal [22, 25, 39–44].
Such an approach has been used, for example, to study the generation of optical
vortices in uniaxial crystals [41, 43], to study the conversion of spin to orbital angular
momentum [7, 15, 42], or to obtain different engineered nonuniformly polarized beams
at the output of the crystal [22,25,44].
Here, we use a much simpler approach, according to which the source of a spherical
wave is located on the entrance face of the crystal, and the field across the exit
face is evaluated through a geometrical-optics approach [4]. From the analysis of the
corresponding Stokes parameters, we will show that the output beam belongs to the
class of the FPBs. The used approximations are quite drastic but, as we shall see, they
lead to very simple analytical expressions for the Jones vector of the output beam and,
mostly, are in perfect agreement with the experimental results obtained when a laser
beam is focused onto the entrance face of the crystal.
The paper is organized as follows: in Sec. 2 the theoretical model to calculate the
polarization characteristics of the output beam is recalled, while Sec. 3 is devoted to
prove that the output beam is a FPB for the particular case of a linearly polarized input
beam. In Sec. 4 such result is extended to the case of a general input polarization. In
Sec. 5 the approach is implemented and experimental results are presented, concerning
the polarization distribution across the transverse section of the output beam. Finally,
in Sec. 6 brief concluding remarks are given.
2. Theoretical model
Let us consider a uniformly and totally polarized beam, with a generically elliptical
polarization state, propagating along the z-axis of a suitable reference frame. To simplify
the following analysis, the beam is focused onto the input face of a uniaxial crystal of
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Figure 1. Crystal geometry. (r, θ) are the polar coordinates for a generic point at
the output plane; α is the angle that the propagation direction from the input point
to the generic point (r, θ) forms with the z axis; the optic axis is along z axis; the
output field is decomposed in its Cartesian components (E0x, E0y) and in its ordinary
and extraordinary fields, Eo and Ee, respectively.
length l, having input and output faces perpendicular to z and optic axis parallel to it
(see Fig. 1).
The focused spot of the beam will be considered as almost point-like. Let its electric
field be written as
Ei =
 E0x
E0y exp(iφ)
 , (1)
where E0x and E0y are the field components along x and y, respectively, and φ is the
phase difference between them. The field at any point of polar coordinates (r, θ) of the
output plane can be decomposed into a component of the electric field in the principal
plane (the extraordinary wave) and a component of the electric field perpendicular to
the principal plane (the ordinary wave) [45]. Neglecting refraction effects at the output
boundary and losses at the input and output planes, the extraordinary and ordinary
components of the electric field of the output beam are
Ee(r, θ) = [E0x cos θ + E0y sin θ exp(iφ)] exp [ikn(α)de] ur ,
Eo(r, θ) = [−E0x sin θ + E0y cos θ exp(iφ)] exp [iknodo] uθ ,
(2)
where ur and uθ are unitary vectors along the azimuthal and radial directions,
respectively (see Fig. 1), k is the wavenumber in vacuum, no the ordinary refractive
index, and n(α) is the refractive index for the extraordinary wave whose propagation
direction forms the angle α with respect to the optic axis. This refractive index satisfies
the following relation [45]:
1
n2(α)
=
cos2 α
n2o
+
sin2 α
n2e
, (3)
being ne the extraordinary refractive index of the uniaxial crystal. For small values
of α, the ordinary and the extraordinary waves practically propagate along the same
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direction, so that they almost travel the same distance de ' do ' d =
√
l2 + r2.
The output field, expressed in terms of its x and y components, turns out to be
E(r, θ) =
(
Ex(r, θ)
Ey(r, θ)
)
= exp
[
−ikd n(α) + no
2
]
(4)
×
 E0x
[
cos2 θeiδ(r)/2 + sin2 θe−iδ(r)/2
]
+ iE0y e
i φ sin 2θ sin [δ(r)/2]
iE0x sin 2θ sin [δ(r)/2] + E0ye
i φ
[
cos2 θ e−iδ(r)/2 + sin2 θ eiδ(r)/2
]
 ,
where the phase difference δ(r) is [45]
δ(r) ' k[n(α)− no]d ' k(ne − no)d sin2 α = k(ne − no)r
2
d
. (5)
The Stokes parameters [45] at a typical point across the output plane can be derived
from the electric field components through the following relations:
S =

S0
S1
S2
S3
 =

|Ex|2 + |Ey|2
|Ex|2 − |Ey|2
2 Re{ExE∗y}
2 Im{ExE∗y}
 , (6)
where Re{·} and Im{·} denote real and imaginary part, respectively, and for brevity the
dependence on the spatial coordinates has been omitted. The first Stokes parameter
(S0) coincides with the total irradiance, while the three remaining parameters represent,
respectively, the differences between the contents of linearly polarized light along the
x and y axes, between the contents of linearly polarized light at 450 and −450, and
between right-handed and left-handed circularly polarized contents of the beam [45].
The Stokes parameters can be obtained from intensity measurements, since [45]
S0 = I0 + Ipi/2,
S1 = I0 − Ipi/2,
S2 = Ipi/4 − I−pi/4, (7)
S3 = Iλ/4,pi/4 − Iλ/4,−pi/4,
where Iβ and Iλ/4,β are the intensities measured after a linear polarizer and after a
quarter-wave plate followed by a linear polarizer, respectively. The subscript β refers
to the angle formed by the transmission axis of the polarizer with the x axis, while λ/4
denotes the presence of the quarter-wave plate, with its fast axis at 0.
If we restrict ourselves to the case of input light linearly polarized along the vertical
direction (as the one that will be used in the experiment) with amplitude E0y, the output
beam takes the form
E(r, θ) = E0y e
−ik n(α)+no
2
d
 i sin 2θ sin [δ(r)/2]
cos2 θe−iδ(r)/2 + sin2 θeiδ(r)/2
 . (8)
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Figure 2. Theoretical values of the three Stokes parameters at the exit plane for an
input beam linearly polarized along the y axis with 632.8 nm wavelength propagating
in a 20 mm length calcite crystal.
The corresponding Stokes parameters are obtained by substituting the field given by
Eq. (8) into Eq. (6), and turn out to be
S = S0

1
s1
s2
s3
 = S0

1
−[cos2 2θ + sin2 2θ cos δ(r)]
− sin 2θ cos 2θ [1− cos δ(r)]
sin 2θ sin δ(r)
 , (9)
where the elements of the normalized Stokes vector, namely, s = S/S0, have been
introduced. It can be easily checked that the normalized Stokes parameters satisfy the
following condition at any point across the section of the beam:
s21 + s
2
2 + s
2
3 = 1 , (10)
meaning that the field is totally polarized at any point of the beam transverse section,
as was expected.
As an example, the normalized Stokes parameters calculated from Eq. (9) at the
output of a 20 mm long calcite crystal (no = 1.6557, ne = 1.4849), with a 632.8 nm
wavelength, are shown in Fig. 2. The chosen values of the parameters correspond to the
ones used in the experiment.
3. Is the output beam a FPB?
As stated above, a FPB is a NUTP beam that contains all possible states of polarization
across its transverse section [32]. This means that for any conceivable polarization state,
represented by a point on the surface of the Poincare´ sphere, it must be possible to find
at least one point in the cross section of the beam that presents such state. This will
be done for the case of the beam at the output of a uniaxial crystal under the geometry
represented in Fig. 1.
Note that, since only totally polarized states are involved, the normalized Stokes
parameters satisfy Eq. (10), so that only two of them are independent. If we choose s1
and s2 as the independent parameters, their values are confined within the equatorial
circular section of the Poincare´ sphere. The modulus of s3 is fixed by Eq. (10), but its
sign determines the handedness of the polarization state.
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We will show that for any possible choice of s1 and s2 within the equatorial circle
and for any choice of the sign of s3, at least one point (r, θ) can be found where the field
polarization is given by that set of Stokes parameters.
Let us start by writing s1 in the following form [see Eq. (9)]:
s1 = −1 + sin2 2θ [1− cos δ(r)] , (11)
so that
1− cos δ(r) = 1 + s1
sin2 2θ
. (12)
Introducing the latter relation into the expression of s2 yields
s2 = − (1 + s1) cos 2θ
sin 2θ
, (13)
and then
tan 2θ = −1 + s1
s2
. (14)
This means that four real values of θ, namely,
θ = −1
2
arctan
(
1 + s1
s2
)
+ j
pi
2
, (j = 0, 1, 2, 3) (15)
are compatible with a given choice of s1 and s2. However, two of such values correspond
to a positive s3 and the remaining two to a negative s3. This can be argued from the
expression of s3 in Eq. (9), according to which, for any fixed value of r the sign of sin 2θ
fixes the sign of s3. Therefore, changing θ to θ + pi/2 changes s3 to −s3. This fact can
be checked from the graphs in Fig. 2.
Let us now take again the expression of s3 in Eq. (9) into consideration and write
it in the form
sin 2θ =
s3
sin δ(r)
. (16)
Once substituted into Eq. (12), it gives
1−cos δ(r) = 1 + s1
s23
[
1− cos2 δ(r)] = 1 + s1
s23
[1− cos δ(r)] [1 + cos δ(r)] ,(17)
and then
cos δ(r) =
s23
1 + s1
− 1 = s
2
3 − 1− s1
1 + s1
=
−s21 − s22 − s1
1 + s1
, (18)
where condition in Eq. (10) has been used.
Equation (18) allows us to find the value of δ that corresponds to a given choice of s1
and s2. From this value, the pertinent radial distance r is obtained on inverting Eq. (5).
It should be noted that δ is proportional to r2 [see Eq. (5)], with the proportionality
factor depending on the wavelength and the used material and geometry. In any case,
all possible values of cos δ(r) are obtained for δ(r) varying between 0 and pi, and are
reached by taking r within a circle of radius
rM =
√
λd
2|ne − no| . (19)
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For a calcite crystal with the same length and using the same wavelength than that
in Fig. 2, this radius is rM ' 0.19 mm.
What is still to be done is to show that Eq. (18) leads to a real value of δ for
any choice of s1 and s2, that is, that the rhs expression in Eq. (18) is always bounded
between −1 and 1:
−1 ≤ −s
2
1 − s22 − s1
1 + s1
≤ 1 . (20)
The denominator of the central part is clearly non-negative (because s1 ≥ −1), so that
Eq. (20) can be written as
−1− s1 ≤ −s1 − s21 − s22 ≤ 1 + s1 . (21)
The lhs inequality corresponds to
0 ≤ 1− s21 − s22 = s23 , (22)
and is always satisfied, while the rhs inequality corresponds to
0 ≤ 1 + 2s1 + s21 + s22 = (1 + s1)2 + s22 , (23)
which is certainly true as well.
We can conclude that for any arbitrary point on the surface of the Poincare´ sphere
at least two points exist across the transverse profile of the output beam, whose polar
coordinates can be evaluated from Eqs. (15), (18), and (5), where the polarization state
is the one defined by that point on the Poincare´ sphere. Therefore, the beam given by
Eq. (8) is a full-Poincare´ beam.
This fact can be observed in Fig. 3, where ellipses of polarization are drawn for the
field at different points across the transverse section of the output beam. Red ellipses
denote right-handed polarization states while blue ellipses represent left-handed states.
The presented results agree with those obtained in [44] using a different approach. It can
be noticed that points at symmetric positions with respect to the beam center present
the same polarization state. The solid semicircle in Fig. 3 has radius rM and defines a
region where all possible polarization states can be found.
It should be stressed that all the polarization states can also be found in the quarter
circle of radius
√
2 rM , identified by a dashed line in Fig. 3. In such a case the angle θ
spans the interval (0, pi/2) but the phase δ goes from zero to 2pi.
To show that all possible polarization states are present in the semicircle shown in
Fig. 3, it can be useful to represent such states on the Poincare´ sphere. In Fig. 4(a), r
varies in the interval (0, rM) for fixed values of the polar angle θ in the interval (0, pi). On
changing r, the point representing the polarization state moves across the sphere surface
forming a figure-8 contour around the equator with one lobe in each hemisphere (for
right- and left-handed polarizations, respectively). This kind of contours are the same
as those obtained for a fixed linear polarizer followed by a rotating linear retarder [46].
Figure-8 contours, but with a different shape and lobes along the orthogonal direction,
are also obtained on varying θ for fixed values of r within the same intervals (Fig. 4(b)).
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Figure 3. Polarization pattern of the beam at the output of a uniaxial crystal for an
input beam linearly polarized along y. Same parameters than those for Fig. 2 have
been used.
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Figure 4. Poincare´ sphere showing the states of polarization of the output beam for
a linearly polarized input beam when different sets of points are selected inside a circle
of radius rM of the beam cross section: a) varying θ for 20 equally spaced r
2 values
and b) varying r for 20 equally spaced θ angles. The red point at (−1, 0, 0) represents
the polarization state of the input beam.
4. Input beam with arbitrary state of polarization
For simplicity (and direct comparison with the experimental results), in the previous
Section we chose the input state of polarization as linear, along the y direction. It is
quite obvious, due to the axial symmetry of the problem, that analogous results would
be obtained on taking the input field as linearly polarized along any direction in the
transverse plane. But it can be easily shown that the output field is a FPB regardless
of the polarization state of the input beam.
Starting from Eq. (4), the following expression of the Jones vector of the output
field is derived for an arbitrary input field Ei:
E(r, θ) = exp
[
−ikd n(α) + no
2
]
ĴC(r, θ) Ei . (24)
Therefore, besides an unessential overall phase term, the effect of the uniaxial crystal is
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Figure 5. Poincare´ sphere showing the states of polarization of the output beam for an
input beam with a state of polarization given by (s1, s2, s3) =
(
−1,√3/2,√3/2) /2,
the red point, when different sets of points are selected inside a circle of radius rM of
the beam cross section: a) varying θ for 20 equally spaced r2 values and b) varying r
for 20 equally spaced θ angles.
represented by a Jones matrix, namely,
ĴC(r, θ) =
 cos2 θeiδ(r)/2 + sin2 θe−iδ(r)/2 i sin 2θ sin [δ(r)/2]
i sin 2θ sin [δ(r)/2] cos2 θ e−iδ(r)/2 + sin2 θ eiδ(r)/2
 , (25)
depending on the position across the exit plane. It can be noted that the such Jones
matrix corresponds to that of a phase wave plate, having retardance δ(r) and fast axis
rotated by θ with respect to the x axis [47]. Therefore, in a semicircular region with
radius rM of the output beam cross section all possible values of the plate orientation
and of its retardance can be found.
The effect on an arbitrary polarization state of a linear retarder, having retardance
δ and fast axis rotated by θ, can be viewed on the Poincare´ sphere as a rotation by
the amount δ around an axis contained in the s1, s2 plane, forming the angle 2θ with
respect to the s1 axis [48]. Since, starting from any point of the Poincare´ sphere, any
other point on the sphere can be reached by means of such a transformation by suitably
choosing retardance and orientation of the plate, then all possible polarization states
will be present across the exit face of the crystal, regardless of the polarization state of
the input beam.
This, in particular, gives account of the curves shown in Fig. 4, pertinent to the case
of a linearly polarized input beam. On changing the polarization of the input beam, the
polarization pattern across the section of the output beam changes [44], but the latter
remains a FPB. This is graphically shown in Fig. 5, where results analogous to those
in Fig. 4 are reported, but for an elliptically polarized input beam. Figure 6 shows the
polarization patterns at the output plane for two different polarizations of the input
beam: a) right circular polarization and b) elliptical polarization, the same as in Fig. 5.
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Figure 6. Polarization patterns at the output of the crystal when the input beam is a)
right circularly polarized or b) elliptically polarized with normalized Stokes parameters
(s1, s2, s3) =
(
−1,√3/2,√3/2) /2.
5. Experimental results
Here we present an experimental setup aimed at synthesizing a FPB using the technique
described in the previous Sections. The beam is then produced and analyzed by
measuring the local state of polarization across its transverse section at the exit face of
the crystal.
Figure 7 shows the used experimental setup. A He-Ne laser (λ = 632.8 nm),
stabilized in intensity and frequency, is linearly polarized along the y direction by means
of the linear polarizer P1. The microscope objective MO (5X) focuses the beam at the
input face of a calcite crystal with its optic axis oriented along the z axis. The length
of the crystal is l = 20 mm. The output beam is imaged onto a CCD camera (Pulnix
TM-765) by means of the lens L.
In order to obtain the Stokes parameters of the output beam, four images are
captured for different orientations of the transmission axis of the polarizer P2 (0, ±pi/4
and pi/2 with respect to the x direction). Two additional images are recorded when a
quarter-wave phase plate (λ/4, in Fig. 7) is inserted when the polarizer is oriented at
±pi/4. By using the recorded images, the state of polarization at each point across the
transverse section of the output beam is obtained from Eq. (7).
The experimentally measured (normalized) Stokes parameters across the transverse
section of the beam at the output of the calcite crystal are shown in Fig. 8. They can
be directly compared to the theoretical ones presented in Fig. 2. In order to get a
better comparison, the state of polarization at each point of the transverse section of
the beam has been calculated and represented by means of its corresponding ellipse of
polarization. Figure 9 shows the experimentally measured polarization pattern across
the beam section for output field in the same region than that of Fig.3. Again, red
ellipses denote right-handed polarization states while blue ellipses represent left-handed
states. An excellent agreement between experimental and theoretical values can be
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Figure 7. Experimental set up. MO: microscope objetive; λ/4: quarter-wave phase
plate: P: linear polarizer; L: lens. The electric field of the laser beam is directed along
y. The image on the computer represents a typical irradiance pattern recorded with
the polarizer oriented along the x axis.
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Figure 8. Experimental Stokes parameters at the output plane of a 20 mm length
calcite crystal when a He-Ne laser beam linearly polarized along y is focused at the
entrance face.
Figure 9. Experimental polarization pattern at the output of the calcite crystal for
input linearly polarized beam along the y axis.
observed.
As a final remark, we stress that the good agreement between experimental and
theoretical Stokes parameters represents an a posteriori confirmation that the used
theoretical approach, with the considered approximations, can provide a simple and
effective model for studying the generation of nonuninformly polarized beams at the
output of a uniaxial crystal.
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6. Conclusions
In this paper a simple technique has been proposed to obtain a FPB. It consists in
focusing a totally and uniformly polarized light beam onto the entrance face of a uniaxial
crystal, whose optic axis is oriented along the mean propagation direction of the beam.
At the output of the crystal a beam with nonuniform polarization is obtained. The local
state of polarization of the output beam is evaluated through a simplified model based
on geometrical optics, and the result is that every possible state of total polarization is
present across the transverse section of the output beam.
The proposed technique has been implemented by focusing a He-Ne laser beam onto
a calcite crystal, and the polarization pattern at the exit face of the crystal has been
measured, showing an excellent agreement between theoretical and and experimental
data.
The significance of the results reported in the present paper is twofold. On one
hand, they confirm that a simplified model based on the propagation of ordinary and
extraordinary rays can be effectively employed to study beam propagation in anisotropic
crystals in some cases of practical interest. On the other hand, they provide an extremely
simple and cheap practical tool to produce FPBs in a lab. The latter beams may
find application, for example, in polarimetry, where beams presenting several different
polarization states across their transverse section can be used to reduce the number of
measurements required to characterize homogeneous sample [49–51].
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